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THE FREE CONVECTION OF A CONDUCTING FLUID IN CONNECTED VERTI- 
CAL CHANNELS 

G. Z. Gershuni and E. M. Zhukhovitskii 

Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, Vol. 8, No. 3, pp. 31-35, 1967 

The convection of a conducting fluid in vertical channels in a meg - 
netic field has been studied in a series of papers (see review [1]). 
Motion in isolated channels was considered in these papers. The pre- 
sent paper solves the problem of convection in a system of two con- 
nected plane vertical channels. A solution is obtained fo~ the problem 
of steady-state motion when heating occurs from the side. Equilibrium 
stability is also investigated for a liquid which is heated from below 
(the magnetohydrodynamic generalization of the problem considered 
previously [2]). 

1o S t eady- s t a t e  mot ion .  Two p a r a l l e l  plane v e r t i c a i  
channels  of width 2h, s e p a r a t e d  by a d i e l e c t r i c  l a y e r  
of th ickness  2(d - h) {see Fig .  1), a r e  f i l l ed  with a 
conduct ing fluid and p laced  in an ex te rna l  magnet ic  
f ie ld  140, p e r p e n d i c u l a r  to the channel  boundar ies .  The 
ex te rna l  channel  boundar ies  a r e  main ta ined  at con-  
s tant  t e m p e r a t u r e s  of~=| The channels  a r e  joined 
both above and below, so that  when convect ion  of the 
fluid occu r s  it  may r i s e  in one channel  and fall  in the 
o ther  (a model  of the middle  pa r t  of a long convec t ion  
loop). The equat ions for  convect ion  of a conducting 

fluid in a magne t i c  f ie ld  have the f o r m  

t (  ) H ~ 
O-T+ ( v V ) v = - - - ~ o  V p +  ~ -  + 

t (HV) H + r a y - -  g~T, (t.1) 

OH c 2 
0--i- + (vV) H = (HV) v + T~7 AH, (1.2) 

OT 
o-y+ vVT = XAT, 

d i v v  = 0 ,  d iv t I  = 0 (1.3) 

(all the symbols  a r e  those  in genera l  use) .  We shal l  
s eek  a s t e a d y - s t a t e  solut ion of the s y s t e m  of equat ions 
(1.1}-{1.3) in the fol lowing fo rm:  

v~=v~=0 ,  v~=v(x), T = T ( z ) ,  
H x = H o ,  H u = 0 ,  H ~ = H ( x ) ,  p = p ( x , z ) .  (1.4) 

We obtain the fol lowing equat ions  for  the ve loc i ty  v, 
t e m p e r a t u r e  T, induced magne t i c  f ie ld  H, and p r e s -  

s u r e  p: 

i 0 H ~ 
pc Oz (P-k, ~ ) =  4-~poHoH' q-•v"q-- g~T, 

o ( , H , ~ _ 0  (1.5) 
po Ox p - r g f f - ] - -  , 

-:2 
Hov'+ 4~-H"=0' T " = 0 ,  T ~ " = 0 ,  

//=" = 0 .  (1.6) 

Equat ions  (1.5)-(1.6) a re  now wr i t t en  in d imen-  
s i on l e s s  f o r m ,  taking h, v /h ,  | and H0 as umts  of 
d i s tance ,  ve loc i ty ,  t e m p e r a t u r e ,  and f ie ld ,  r e s p e c -  
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Fig. 1 

tively. The dimensionless velocity, temperature, and 
field are 

v" + GT + M2P,~-XH ' = C, (1.7) 

H" + P~v' = O, T" ---- O, Tin" =- O, 

H ~ " =  0 .  (1.8) 

Here C is the constant of separation for the variables. 

Three dimensionless parameters enter into the equa- 

tions: the Grashof number G, the HartmannnumberM, 

and the magnetic Prandtl number Pro, which are equal 

to 

G -- g~Oha 

Hoh ( ~ \V~ ~g~v (1.9) 
M=~--\po-:~) ' P ~ - -  c~ 

At the channel  boundar ies  the fluid v e l o c i t y  van i shes ,  
the t e m p e r a t u r e  at the ou te r  boundar ies  i s  given,  and 
at the boundar ies  be tween  the channel  and the i n t e r -  
l a y e r  the t e m p e r a t u r e  and heat  flux a r e  continuous;  the 
induced f ie ld  d i sappea r s  at the ou te r  boundar ies  and is  
continuous at the boundar ies  be tween the f luid and the 
i n t e r l a y e r .  Thus the boundary condit ions a r e  

v = 0 ,  T - - T  m, )vT '=Tm'  , 

d- -h  
H = H ~  f o r  x = Zl = ~ ~ - ,  

v = 0 ,  T = z ] : l ,  

H----0 fo r  z = z ~ = +  dq-hh ( ~ =  ~ ) .  ( 1 . 1 0 )  

Here  Tm and H m a re  the t e m p e r a t u r e  and induced 

f ie ld  in the so l id  nonconducting l a y e r  between the chan-  

ne l s ;  the p r i m e s  denote d i f fe ren t ia t ion  with r e s p e c t  to 

X .  

Here  and in what fol lows the plus and minus  s igns  
r e f e r  to the r i gh t -hand  and l e f t -hand  channe l s ,  r e -  
spec t ive ly ;  ~ and ~4 m a r e  the t h e r m a l  conduc t iv i t i e s  of 

the fluid and the i n t e r l a y e r .  
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Solving l i nea r  equat ions (1.7)-(1.8) together  with 
boundary  condit ions (1.10) and altowing for  the fact that 
the flow occurs  in a c losed c i r cu i t  (the ra te  of fluid 

~.0 v 

I x 

Fig. 2 

flow over  the c ro s s  sect ion of both channels  is equal 
to zero) ,  we obtain the following d i s t r ibu t ions  of t e m -  
pe r a tu r e ,  velocity,  and field: 

flux (per unit  length along the y-ax is )  is de t e rmined  
f rom the f o r mu l a  

Q = 9% I v T  dx  . (1.16) 

Here v and T a re  the d imens iona l  veloci ty and t e m -  
p e r a t u r e ,  Cp is the heat capaci ty of the fluid, and the 
in tegra t ion  is  c a r r i e d  out over  the c r o s s  sec t ions  of 
both channels .  

After  subs t i tu t ing  v and T into (1.16) we have 

+ ~ (3xl ~ + 6x~ + 4) -- 

__xl (x~_~_2)  t h M  2 cth 2M t ] 
i M ~- ~ ( 1 . 1 7 )  

The the rma l  flux de c r e a se s  as the f ield i n c r e a s e s .  
F o r  weak fields (M << 1) f rom (1.17) we have 

~/~ra = a~ ,x ,  T = a [(~ - -  l )  X 1 --~ X] ,  

a = (2 +3 ,  Ix ll) -1, (1.11) 

aG = ~X xl sh M (x3 -- x) x2 sh M (x -- x~) 
s h M ( x 2 - - x l )  s-h l V / ' ~  "J ' (1.12) /2 [ 

H = - N ~  M sh M (x~ -- xx) ~- 

[ch M (x --xl) -- ch M(x2 - -  x~)].~ 
~_ x2 M sh M (x~ -- x~) j ,  (1.13) 

aGPm f x~ - -  xl~ 

+ (x~ -4- x2) [1 - -  ch M (x2 - -  ,T1)] / ( 1 . 1 4 )  
M sh M (x2 - -  xl) j" 

It is c l ea r  f rom (1.11) that the t e m p e r a t u r e  d i s t r i -  
bution is  independent  of the field.  

Velocity prof i les  for  the case  in which the thick-  
ne s s  of the i n t e r l a y e r  is  equal to the channel  width 

( i . e . ,  Ixl] = 1) a re  given in  Fig.  2 for  c e r t a i n  va lues  
of the Har tmann  n u m b e r  M. The veloci ty in the ab-  
sence  of a field is obtained f rom (1.12) at the l imi t  as 
M ~  0: 

aG 
v = S (,,=-- xl~ Ix (x~ - -  x l)  3 - -  

- -  x l  ( x 2 - - x ) 3 - - x ~ ( x - - x l ) S ] .  (1.15) 

We see  that the r a t e  of mot ion  is  de t e rmined  by the 
p a r a m e t e r  aG = G(2 + ~lxll) -l. As the field i n c r e a s e s  
the mot ion slows down and Har tmann  boundary l aye r s  
a re  formed in the flow at the walls .  We note,  however ,  
that the veloci ty prof i le  in each channel  differs  in form 
f rom the wel l -known prof i le  of the Har tmann  case ,  
which is  expla ined by the nonuni fo rmi ty  of the m a s s  
(convective) force  ovei- the channel  c ro s s  sec t ion.  

The induced field is  an even function of the t r a n s -  
ve r s e  coordinate  x. The i n d u c e d - c u r r e n t  densi ty in 
the fluid j = {c/4~) ro t  H can be d i s t r ibu ted  over  the 
channel  c ros s  sect ion in the same  way as the veloci ty.  

In the flow being cons ide red ,  convect ive  heat t r a n s -  
fe r  occurs  upward along each channel .  The total  heat 

2 64 + 63xi -'k 63z~ (xl -b i) ~, M~ ] 
Q = Qo 1 2:/i6 + t5~ + i5~ (~ + i) ~ + " " �9 , 

4 PCpg~ Oehs 16 -1- t5xl + t5Xl (xl 2c 1) ~, 
Qo = - ~  v (2 + n~=~)a (1.18) 

Here Q0 is  the heat flux in the absence  of a f ield.  
For  s t rong  f ie lds  

4pCpg~O~h a 

4 
•  ( M > ~ I ) ,  (1.19) 

(in fo rmulas  (1.17)-(1.19) the quanti ty xl is  taken to 
be posi t ive) .  

For  Ix1] ~ 0 the fo rmulas  given in this  sect ion 
change to the co r re spond ing  fo rmulas  for  an i so la ted  
channel ,  found p rev ious ly  [3]. 

2. Equ i l ib r ium s tabi l i ty .  We now cons ide r  the equi-  
l i b r i um s tabi l i ty  of a conducting fluid in connected 
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ver t i ca l  channels  in the p r e s e n c e  of a t r a n s v e r s e  mag-  
ne t ic  f ield.  If the f luid is heated f rom below, in the 
equ i l i b r ium s ta te  the t e m p e r a t u r e  To = - A z ,  where  A 
is the equ i l ib r ium t e m p e r a t u r e  gradient .  The n o r m a l  
pe r tu rba t ions  a re  funct ions of t ime  according  to the 
law exp ( - 5 0 ,  while in the p r e s e n c e  of a magnet ic  
f ield the pe r tu rba t ion  d e c r e m e n t  5 wil l ,  genera l ly  
speaking,  be a complex quanti ty.  In this  ease  the equi -  
l i b r i um of a fluid heated f rom below may break  down 
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as  t h e  r e s u l t  of t h e  deve lopmer~ t  of  b o t h  m o n o t o n i c  as  

w e l l  as  o s c i l l a t o r y  p e r t u r b a t i o n s .  H o w e v e r ,  i t  i s  k n o w n  
( s e e  [4, 5]) t h a t  e q u i l i b r i u m  c a n  b e c o m e  c r i t i c a l  w i t h  
r e g a r d  to o s c i l l a t o r y  p e r t u r b a t i o n s  on ly  w h e n  t he  i n -  

e q u a l i t y  P m  > P i s  s a t i s f i e d  (P  = v / x  i s  t h e  P r a n d t l  

n u m b e r ) ,  w h i c h  a s  a r u l e  i s  no t  so  f o r  l a b o r a t o r y  c o n -  
d i t i o n s .  T h u s  i t  i s  of  u t m o s t  i n t e r e s t  to i n v e s t i g a t e  
s t a b i l i t y  w i t h  r e g a r d  to m o n o t o n i c  p e r t u r b a t i o n s  f o r  

w h i c h  6 i s  a r e a I  q u a n t i t y  w h i c h  v a n i s h e s  a t  the  l i m i t  of  
s t a b i l i t y .  T h i s  c a s e  i s  t r e a t e d  b e l o w .  

A s  r e g a r d s  t h e  p e r t u r b a t i o n  s t r u c t u r e  we  a s s u m e * :  

v ~ = v ~ = O ,  v ~ = v ( x ) ,  H ~ = H ~ = O ,  

H= = H (z), 7' = T (x), Vp = 0 .  (2.1) 

We write the perturbation equations in dimension- 
less variables. For the stability problem it is con- 
venient to select h, x/h, Ah, and 41rcrxH0c -2 asunitsof 

distance, velocity, temperature, and field, respec- 
tively. The dimensionless equations for steady- state 
perturbations then assume the form 

v " + R T + M ~ H ' = O ,  T " + v = O ,  H " + v ' = 0 ,  

T , /  = 0, ,  Hm" = 0 (R --- g~Ah*/~X) . (2.2) 

H e r e  t h e  R a y l e i g h  n u m b e r  R i s  d e t e r m i n e d  by  t he  
e q u i l i b r i u m  t e m p e r a t u r e  g r a d i e n t .  We  s h a l l  s o l v e  t h e  

p e r t u r b a t i o n  e q u a t i o n s  f o r  t h e  c o n d i t i o n s  

v = 0 ,  T = T,n, k T ' =  T m ' , H  = Hm f o r ~ = ~ 1  
v = 0 ,  T ' = 0 ,  H = 0  f o r  x = x ~ . ( 2 . 3 )  

q-1 s in q (x2 - -  x) - -  p-1 sh p (x2 - -  x) 
, q-~-q-(~T2-_ ~ T ~ _ - - 2 - ~ ) ~  ] ,  

[q-X s in  q (xz - -  x) - -  p-1  s h  p (z~ - -  z)  

g = • L ~ ~ ~ ~  + 

c o s q ( x 2 - - x ) ~ c h p ( z 2 - - z )  ] 
+ q s i n q ( z 2 - - x l ) + p s h p ( x ~ - - Z l )  ' 

H m = 2 1 + (p2 __ q~) (2pq) - i  sh  2p s in  2q - -  ch  2p cos 2q 
(cos2q_eh2p)(qsin2q_U psh2p) 

M 2 ~ V* M ~ % 

M 2 2 V* 

q :  { [ ' + ( ~ ) 1  - - - - ~ } +  
(2.4) 

( the  " p l u s "  and  " m i n u s "  s i g n s  r e f e r  to  t h e  r i g h t -  and  

l e f t - h a n d  c h a n n e l s  r e s p e c t i v e l y ) .  The  c r i t i c a l  v a l u e s  
of  the  R a y l e i g h  n u m b e r s  w h i c h  d e t e r m i n e  t he  l i m i t s  of 

e q u i l i b r i u m  s t a b i l i t y  r e l a t i v e  to t h e  odd  p e r t u r b a t i o n s  

a r e  found  f r o m  t h e  c h a r a c t e r i s t i c  r e l a t i o n  

p~ -4- q~ - - x  
2peq ~ 

pth2p-]-qtg2q 
• 2p see 2q --  1 -t- ( f  - -  q2) (2pq)-i th 2p tg 2q-- ~ [ xl !. (2.5) 

In t h e  c a s e  of t h e  " e v e n "  s o l u t i o n s  t h e r e  i s  no  f i e l d  

in  t h e  e l e e t r i c a l I y  n o n c o n d u c t i n g  i n t e r l a y e r ,  a n d  t h e  

t e m p e r a t u r e  i s  c o n s t a n t :  

H ~  = 0~ 

Tw. p~-]-q~ q c h 2 p s i n 2 q + p s h 2 p c o s 2 q  
. p2q~ (cos 2q --  ch 2p) (q sin 2q ,+ p sh 2p)" (2:6) 

In a d d i t i o n ,  t h e  f low s h o u l d  o c c u r  in  a c l o s e d  c i r -  

c u i t .  T h i s  d i f f e r s  f r o m  b o u n d a r y  c o n d i t i o n s  (1 .10) ,  

f o r  w h i c h  t h e  p r o b l e m  of s t e a d y - s t a t e  c o n v e c t i o n  w i t h  
h e a t i n g  f r o m t h e  s i d e  w a s  s o l v e d ,  s i n c e  i t  i s  now a s -  

s u m e d  t h a t  t h e r e  i s  no  h o r i z o n t a l  h e a t  f lux  in t h e  

o u t e r  r e g i o n s  of t h e  m a s s .  

A s  in  t he  c a s e  in  w h i c h  t h e r e  i s  no  f i e l d  [2], t h e  

p r o b l e m  h a s  two t y p e s  of s o l u t i o n .  In s o l u t i o n s  of  t h e  
f i r s t  t y p e ,  w h i c h  in w h a t  f o l l o w s  w i l l  b e  c a l l e d  "odd"  

s o l u t i o n s ,  t he  v e l o c i t y  a n d  t e m p e r a t u r e  a r e  odd  f u n c -  

t i o n s ,  and  t h e  f i e l d  an  e v e n  f u n c t i o n  r e l a t i v e  to t h e  c o -  
o r d i n a t e  o r i g i n .  On t h e  o t h e r  h a n d  in t h e  " e v e n "  s o l u -  

t i o n s  t h e  v e l o c i t y  a n d  t e m p e r a t u r e  a r e  e v e n  f u n c t i o n s  

and  t h e  f i e l d  i s  an  odd  f u n c t i o n .  
We  f i r s t  g ive  t h e  " o d d "  s o l u t i o n s  of t h e  p r o b l e m  

( 2 . 2 ) - ( 2 . 3 ) :  

[ cos q (x~ --  x) - -  eh p (x~ --  x) 
v =  • 1 6 2  -- 

__ q s i n q ( x ~ - - x ) +  pshp ( z~ - - x )  ] 
q s in  q (x2 - -  xa) -}- p s h  p (x~ - -  zx) 

[ q-~ cos q (z2 - -  x) + p-~ eh p (z2 --  x) 

* P e r t u r b a t i o n s  w h i c h  a r e  p e r i o d i c  a l o n g  t h e  y - a x i s  

a r e  no t  t r e a t e d  h e r e .  It  i s  w e l l  known  t h a t  in  t h e  c a s e  

of  a l a y e r  of  i n f i n i t e  e x t e n t  in  t h e  y d i r e c t i o n  t h e  c r i -  

t i c a l  R a y l e i g h  n u m b e r  t e n d s  to z e r o  a s  t h e  w a v e l e n g t h  

of  t he  p e r t u r b a t i o n s  i n c r e a s e s  [6, 7].  

T h e  v e l o c i t y ,  t e m p e r a t u r e ,  a n d  f i e l d  in  t h e  f l u id  

a r e  d e s c r i b e d  by  f o r m u l a s  (2.4) w i t h  t h e  " p l u s "  s i g n  
c o m m o n  to b o t h  c h a n n e l s .  T h e  s p e c t r u m  of  c r i t i c a l  

R a y l e i g h  n u m b e r s  f o r  t h e  " e v e n "  s o l u t i o n s  i s  d e t e r -  

m i n e d  by  t h e  r e l a t i o n s  

p t h p + q t g q = O ,  q t h p - - p t g q = O .  (2.7) 

T h e  two r e l a t i o n s  (2.7) c o r r e s p o n d  to  p e r t u r b a t i o n s  

in  w h i c h  t h e  v e l o c i t y  a n d  t e m p e r a t u r e  a r e  odd  a n d  e v e n  
f u n c t i o n s ,  r e s p e c t i v e l y ,  r e l a t i v e  to t h e  c e n t r e  of e a c h  

c h a n n e l .  

Relations (2.5) and (2.7) determine the spectrum of critical Ray=- 
leigh numbers. In the "odd" case the ctitical R numbers depend on 
two parameters: the Hartmann number M and a parameter Xlxll 
which characterizes the thermal coupling of the channels. In the ease 
of "even" solutions the critical R numbers depend on the Hartmann 
number only; there is no dependence on Xtxll since in this case there 
is no thermal interaction between the convective streams in the chan- 
nels, and "autonomous" circulation takes place in each channel. The 
spectrum of critical R numbers in the absence of a field has been 
found and discussed previously [2]. 

The lower critical level of instability is of greatest interest. 
It turns out that this corresponds to the first of the odd solutions. 

The smallest critical Rayleigh number is given in Fig. 3 as a function 
of the coupling parameter ~xll for several values of the Hartmann 
number M. For an increase in ,'~xll (as the thermal coupling between 
the channels decreases) the critical Rayleigh number decreases and 
tends to zero as X [ x I I ~ r The magnetic field exerts a stabilizing 
influence as usual: for a fixed value of )~xll the critical Rayleigh 
numbers increase as the field increases, t 

The critical Rayleigh numbers corresponding to "even" solutions 
also increase as the field increases. Thus for solutions which are anti- 
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symmetric relative to the channel center (the first of relations (2.7)) 
we have 

R = R  o-:}- r th  r (r th  r - - ~ )  M s +  ... (M ~ i ) .  ( 2 . 8 )  

Here r = p~/4 are the roots of the transcendental equation tg r + 
+ th r = 0 (r = 2.365, 5.498, 8.639... ). For the symmetric solutions 
(the second of relations (2.7)) 

r ( r - - t h  r) M 2 . . 
R = R o ~  th2r ~ .  ( M ~ I ) .  (2.9) 

Here r = R01/4 is determined from the equation tg r - th r = 0 
(r = 3.927, 7.069, 10.21... ). In the case of strong fields (M >> 1) we 
have from (2.7) 

R ~-l]4n2n2M~ (n = i, 2, 3...). 
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